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We theoretically study the low-energy scattering of ultracold atoms by a dielectric nanosphere
of silica glass levitated in a vacuum. The atom and dielectric surface interact via dispersion force
of which strength sensitively depends on the polarizability, dielectric function, and geometry. For
cesium and rubidium atoms we respectively compute the atom-surface interaction strength, and
characterize the stationary scattering states by taking adsorption of atoms onto the surface into
account. As the energy of incoming atoms is lowered, we find that differences between quantum
and classical scatterings emerge in two steps. As the first step, the quantum-mechanical differential
cross section of the elastic scattering starts to deviate from the classical one at a few microkelvin due
to the de Broglie matter-wave diffraction. Secondly, the differences are found in the cross sections
in the lower temperature regime than a nanokelvin, where the classically forbidden reflection occurs
associated with the s-wave scattering, and the discrete nature of angular momentum manifests itself.
We also study the dependencies of quantum and classical scattering properties on the radius of the
nanosphere.
I. INTRODUCTION
There have been growing interests in an optically lev-
itated nanoparticle [1] because of its potential appli-
cabilities to unexplored fields such as non-equilibrium
dynamics and thermodynamics at the nanoscale [2],
suspension-free ultra high-Q optomechanics [3, 4], studies
of quantum-classical boundaries [5, 6], nonlinear dynam-
ics [7, 8], weak-force sensing [9–11], and control of trans-
lational, librational [12], rotational [13, 14], and preces-
sional [15] motions. It also provides a novel opportunity
to explore cavity QED effects in thermal radiation of an
isolated nano- or micron-sized object [16, 17].
A levitated nanoparticle interacts with the background
gas in addition to the optical field that enables trapping
and manipulation. The interaction between a neutral
atom or molecule and polarizable materials is called dis-
persion force, which arises from instantaneous fluctua-
tions of dipoles in the relevant matters [18]. Nonethe-
less, the collisional properties between the nanoparticle
and the background gas depend little on the details of
the force at room temperature, and the nanoparticle un-
dergoes intense Brownian motions due to the random
momentum kicks imparted by collisions. The collisions
are, in contrast, qualitatively altered at low tempera-
tures where the de Broglie wave character of surrounding
atoms or molecules manifests itself. The scattering of ul-
tracold sodium and metastable helium (2 3S) atoms by
a conducting nanosphere has been theoretically studied
in [19], where a form of dispersion-force potential between
the atom and spherical surface is determined, and quan-
tum effects including quantum reflection [20] are studied.
Understanding dispersion force itself is of crucial impor-
tance for fabrication and control of nanoscale devices [21].
Furthermore it may provide a possibility to substitute the
roles of photons in optomechanics with coherent matter
waves such that atoms are utilized to control and sense
the Brownian motion of mechanical oscillators.
In this paper, we theoretically investigate the low-
energy scattering of cesium and rubidium atoms by a di-
electric nanosphere with the emphasis on the comparison
of quantum and classical scattering properties. We nu-
merically determine the atom-surface potential strengths
by employing the formulation used in Ref. [19], and study
the elastic scattering as well as adsorption of atoms onto
the surface, by varying the incident energy of the atom
or the radius of the nanosphere. As the energy of in-
cident atomic beam is lowered, the difference between
quantum and classical scattering properties is found to
arise firstly in the differential cross section of the elas-
tic scattering at a few microkelvin, where the thermal
de Broglie wavelength of atom is comparable to the size
of the nanosphere. This difference comes from the wave
character of atoms, more specifically, the diffraction and
the interference of the different partial waves. In con-
trast, the quantum and classical absorption cross sections
and loss rates associated with the absorption agree quite
well even at much lower energies, since the interference
terms attribute to the wave character are averaged out
in the quantum-mechanical cross sections. The quantum
effects in the cross sections and relevant rates emerge in
a lower temperature regime than a nanokelvin where the
s-wave scattering is dominant, as manifestations of the
discreteness of the quantum-mechanical angular momen-
tum, and of the occurrence of the quantum reflection.
We also study the nanosphere’s radius dependencies of
the scattering cross sections.





























the construction of the dispersion-force potential between
a neutral atom and spherical surface, and numerically de-
termine the potential strengths for the case of cesium, ru-
bidium atoms, and a dielectric nanosphere of silica glass.
The classical scattering by this potential field is studied in
Sec III. We formulate in Sec. IV the quantum-mechanical
scattering, and introduce an absorption ansatz of the in-
cident matter wave by imposing a boundary condition
in the proximity of the surface. The numerical results
of low-energy quantum-mechanical scattering, in partic-
ular, the incident atomic energy and nanospherical size
dependencies are shown in Sec. V. Section VI summarizes
and concludes our results.
II. DISPERSION FORCES
We consider a situation as shown in Fig. 1, where the
plane wave of an ultracold atom with energy E is incident
on a dielectric nanosphere of radius R, and is scattered
by the atom-surface potential. Throughout this work we
assume that the nanosphere experiences no recoil asso-
ciated with the collisions of atoms. In this section we
determine the interaction potential between a cesium or
rubidium atom and spherical surface of silica glass.
A. Construction of atom-surface potential
The precise form of atom-surface potential is sensitive
to various parameters such as characteristic wavelengths
of atomic transitions, as well as the shape, dielectric
function, and polabizability of the material. The exact
treatments of dispersion interaction between atom and
spherical surface for arbitrary distance in terms of macro-
scopic QED are found in [18]. In this work, we employ
an approximate construction of the dispersion-force po-
tential for numerical simplicity. This simplification does
not change the results qualitatively [19].
Let R, r, and r′ = r −R be the radius of nanosphere,
the distance of the atom from the center of the sphere,
and distance from the surface of sphere, respectively. In
this paper we denote all the relevant formula in the SI
unit unless otherwise stated, while we perform all the
numerical calculations in the atomic units.
When the atom-surface distance r′ is much smaller
than the radius R of the sphere, the interaction potential
is well approximated with the one Vfw(r
′) between the
atom and an semi-infinite flat wall. The expression for
Vfw(r
′) is introduced by Tikochinsky et al. [22] as
Vfw(r























FIG. 1: Plane matter wave of energy E propagating along the
z-axis, is incident on a dielectric nanosphere of radius R, and
is scattered by the atom-surface interaction potential. This
potential gives rise to the dispersion force, which is central and
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and ε0 and c are the permittivity of vacuum and the speed
of light, respectively. The quantities α(iξ) and ε(iξ) de-
note the atomic polarizability and the dielectric function
of the surface at imaginary frequencies, respectively.
When the atom is far from the spherical surface, r′ 
R, on the other hand, the potential is described by the













is the total polarizability of the dielectric sphere [23].
In addition to the radius R of the nanosphere, the
wavelength λ of the dominant atomic transition is also
an important length scale that characterizes the inter-
action potential. For rubidium and cesium atoms, the
typical wavelength λ is within a range of 700–900 nm. In
3
a dispersion-force potential, the retardation effect of the
electromagnetic field is significant when r′  λ. This
regime is thus called retarded regime, as was first dis-
cussed by Casimir and Polder [24]. In contrast, the re-
tardation plays no role when r′  λ, which is called
non-retarded regime. Each potential behaves in the non-

















Taking these geometric and internal length scales into
account, we employ the following form of the interaction
potential between an atom and the spherical surface [19]:





















where µ is the reduced mass that can always be replaced






(n = 3, 4, 6, 7) (8)
being a length parameter of which scale corresponds to








characterize the typical length scales at which the power
law crosses over from the non-retarded to retarded be-
haviors in Vfw and Vpp, respectively. The function v(x)













and smoothly connects different power-law dependencies
in the potential. In this manuscript, we use an expres-
sion [25],
v(x) = 1 + x. (11)
In the following analysis, we employ the form Eq. (7) with
the shape function Eq. (11) as the interaction potential
between an atom and spherical surface. By definition,
the potential in the proximity of the surface and at large









We next compute the coefficients Cn (n = 3, 4, 6, 7)
appearing in the atom-surface interaction potential V (r).
The coefficients Cn are expressed in terms of the atomic











































































The coefficients C4 and C7, which describe the retarded
behaviors of Vfw and Vpp respectively, are determined by
the static polarizability α(0) and the static dielectric con-
stant ε(0) of the sphere. The known values of the static
polarizabilities of rubidium [27] and cesium atoms [28],
and of the dielectric constant of silica glass [29] are tab-
ulated in Table I.
For the integrals in C3 and C6, which describe the non-
retarded behaviors of Vfw and Vpp respectively, we need
the atomic polarizability and the dielectric function at
imaginary frequencies. These are evaluated by the one-
oscillator model and Lorentz model as follows.
Atomic polarizability — We employ the one-oscillator









where ωa is the characteristic frequency of an atom, de-
termined by the van der Waals interaction coefficient C ′a







Substituting Eq. (16) into Eq. (17), the characteristic








TABLE I: Known values of static polarizabilities α(0), interatomic van der Waals coefficients C′a for rubidium and cesium, and
obtained characteristic frequencies ωa. The static dielectric constant of silica glass ε(0) and the corresponding value of the
function φ(ε(0)) are also tabulated.
Parameter value (a.u.) value (SI) Ref.
αRb(0) 319.1 ± 6.4 (5.26± 0.11)× 10−39 Cm2V−1 [27]
αCs(0) 401.0 ± 0.6 (6.611± 0.009)× 10−39 Cm2V−1 [28]
C′Rb 4691 4.49× 10−76 Jm6 [32]
C′Cs 6851 6.56× 10−76 Jm6 [32]
ωRb 6.139× 10−2 2π × 0.40× 1015 s−1 Present
ωCs 5.681× 10−2 2π × 0.37× 1015 s−1 Present
ε(0) 3.81 [29]
φ(ε(0)) 0.769 Present
The values of C ′a for alkali-metal atoms have been evalu-
ated in Ref. [32]. Using known values of the static polar-
izabilities α(0) and C ′a, the characteristic frequency ωa is
calculated by means of Eq. (18) for rubidium and cesium
atoms. The results are tabulated in Table I.
Dielectric function of nanosphere — We next address
the dielectric function of silica glass at imaginary frequen-
cies. In wide range of frequencies, the dielectric function
is approximated by the Lorentz model [33]:




ω2j − ω2 − iγjω
, (19)
where ωj , ω̃j , and γj are the resonant frequencies, plasma
frequencies, and damping rates of the oscillator, respec-
tively. The real part ε′(ω) and imaginary parts ε′′(ω) of
the dielectric function are related to the refractive index
and absorption coefficients, respectively.















FIG. 2: Real (upper panel) and imaginary (lower panel) parts
of the experimental data (dots) of the dielectric function of
silica glass in Ref. [34] and that (solid curves) obtained by the
fitting to the Lorentz model with optimal parameters.
√
ε(λ) of the silica glass are tabulated in Ref. [34]. We
fit these data to Eq. (19) in the frequency domain to ob-
tain the optimal parameters ω̃j , ωj and γj , and results
are tabulated in Table II.
TABLE II: Parameters ω̃j/2π, ωj/2π, and γj/2π (THz) ob-
tained by the fitting of experimental data to the Lorentz
model.
j = 1 j = 2 j = 3 j = 4
ω̃j/2π 13.8 7.6 26.3 2514.6
ωj/2π 13.5 23.9 32.0 2546.5
γj/2π 1.24 2.32 1.93 340.6
TABLE III: Potential coefficients C3, C4, C6 and C7 in atomic
units, where R is the radius of the sphere in atomic unit.
C3 C4 C6(R) C7(R)
Rb 0.733 2.35× 103 6.59×R3 3.87× 104 ×R3
Cs 0.863 2.95× 103 7.77×R3 4.86× 104 ×R3
Figure 2 shows the experimental data [34] and Eq. (19)
with the set of optimal parameters. We notice that the
Lorentz model is inaccurate near ω/(2π) ≈ 3× 106 GHz,
which is due to the electronic absorptions consisting of
continuous bands [33]. However, this inaccuracy brings
little detriment in the evaluation of C3 and C6 because of
the following reasons. The atomic polarizability Eq. (16)
sharply drops from unity to zero near the characteristic
frequency ωa/(2π) ≈ 0.4× 106 GHz. Hence the behavior
of ε(iξ) in the region ξ > ωa does not contribute to the
integrals, and it suffices to have a correct value of ε(iξ)
only in the regime ξ ≤ ωa for the evaluations of the inte-
grals for C3 and C6. The imaginary-frequency dielectric
function ε(iξ) is related to the real-frequency one ε(ω) via
the formula [35]








This integral is dominated by the frequency in the regime
ω . ξ. Thus ε(ω) has an important contribution for
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ω . ωa, and the contribution from the dielectric function
for ω > ωa is negligible.
By using the atomic polarizability Eq. (16) and the
dielectric function of silica glass Eq. (19) with constants
tabulated in Tables I and II, we numerically obtain the
potential coefficients Eq. (13). These values in atomic
unit for rubidium and cesium atoms are tabulated in Ta-
ble III.
III. CLASSICAL SCATTERING
In the classical theory, the potential scattering is fully
characterized by the atomic incident velocity v =
√
2E/µ
and the impact parameter ρ = L/(µv), where E and
L are the incident energy and the continuous angular
momentum, respectively. We consider a situation that a
classical atom with velocity v and impact parameter ρ
is incident on the nanosphere. Since the potential is a






+ V (r), (21)
where the first term is the centrifugal potential, and
V (r) is the atom-surface interaction potential obtained
in Sec. II. For nonzero angular momentum, the effective
potential has a centrifugal barrier in spite of the purely
attractive nature of the bare potential V (r). Since the
centrifugal potential is proportional to (ρv)2, the barrier
height of the potential max
r
{V (cl)eff (r; ρv)} ≡ V
(cl)
max[ρv] is a
monotonous increasing function of ρv. Whether the atom
moves only in the outer region of the centrifugal barrier,
or enters the inner region of the barrier and is subse-
quently adsorbed at the surface due to the deep attrac-
tive potential, is also fully characterized by the product
ρv.
A. Adsorption
The atom is adsorbed at the surface when the incident
energy E is larger than the barrier height V
(cl)
max[ρv]. For




µv2 = V (cl)max[ρcv], (22)
so that an incident atom with the impact parameter ρ <
ρc is adsorbed at the surface, while an atom with ρ > ρc
is not. The quantity πρ2c corresponds to the classical
absorption cross section [36, 37].
Figure 3 shows the classical capture range ρc as a func-
tion of the incident velocity v. It is well approximated
by
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FIG. 3: Classical capture range ρc (solid curves) as a function
of incident velocity v for cesium and rubidium atoms. It be-
haves as ρc ∼ v−2/7 in the low-energy regime and approaches
R (horizontal dotted line) in the high-energy limit. The region
of velocity displayed here roughly corresponds to the region
of temperature 8× 10−13 K . T . 8× 103 K for cesium, and
5× 10−13 K . T . 5× 103 K for rubidium, according to the
relation kBT = µv
2/2 [38].
where the second term is the classical capture range for
a single inverse power-law potential −Cn/rn (n > 2) be-
tween two point particles. The power n corresponds to
the long-range behavior of our potential, i.e., n = 7. For
slow atoms, the second term in Eq. (23) is dominant,
and ρc thus behaves as ∼ v−2/7. We find that the cap-
ture range in the experimentally achievable low-energy
limit is more than ten times larger than the geometric
radius of the nanosphere. In a high-energy limit, on the
other hand, the capture range coincides with the geomet-
ric radius of the sphere, ρc → R. In this limit we may
regard the potential as an inverted hard-wall potential of
radius R.
The results so far also hold in the quantum scattering
theory as we see in later sections. However, we note that
in the classical theory the atoms of angular momentum
L = 0 is always captured at the surface for any incident
velocity because of the absence of the centrifugal barrier.
This is not the case in the quantum theory.
B. Elastic differential cross section
We show in the previous subsection that for a fixed
energy, an atom of impact parameter ρ smaller than ρc
is adsorbed onto the surface of the nanosphere, and it
cannot be detected. For ρ > ρc, on the other hand, the
motion of an atom is restricted in the outer region of the
centrifugal barrier r > r0, where r0 is the classical turn-
ing point defined as E = V
(cl)
eff (r0) [see, inset of Fig. 3].
Figure 4 (a) shows atomic trajectories for several im-
pact parameters ρ > ρc when an atom with the velocity
v = 50 mm/s is injected along the z axis from minus in-





FIG. 4: (a) Classical scattering trajectories for various
impact parameters. The atom is incident from the left
to the right along the z-axis with the velocity v =
50 mm/s. The corresponding capture range is ρc ≈ 239 nm,
and trajectories are for ρ − ρc = 6.5 × 10−4, 1.1 ×
10−2, 0.2, 1.8, 32, 74, 144, 356 nm. The atom is largely
deflected for ρ & ρc while it is little affected by the potential
for ρ  ρc. Inset schematically shows the scattering angle θ
for ρ − ρc = 1.8 nm. (b) Classical differential cross sections
dσ
(cl)
el /dΩ for incident velocities v = 1, 10, 100 mm/s. The
anglular distribution is narrower for larger incident velocity.
Inset shows the same quantities in the log scale.
due to the atom-surface potential, and is scattered to an
angle θ asymptotically. The trajectory of atomic motion













with the initial condition r = ∞, φ = π. When the
impact parameter is precisely equal to ρc, the atom eter-
nally orbits around the nanosphere with the radius ρc.
For impact parameters slightly larger than ρc, the atom
is largely deflected by the potential, orbiting around the
nanosphere for a while, and is eventually scattered to a
certain angle θ. For larger impact parameters, in con-
trast, the motion of atom is less and less affected by the
potential and the scattering angle θ is thus smaller.
In a typical scattering experiment, not a single atom
but a beam consisting of many atoms with a certain ve-
locity and various impact parameters is incident on a
target, and a detector located at a solid angle dΩ =
2π sin θdθ sufficiently far from the scattering center,
counts the number of the scattered atoms. The detec-
tor counts located at a solid angle dΩ per unit time yield









∣∣∣∣ (ρ > ρc), (25)
where we define the scattering angle within 0 ≤ θ ≤ π, by
summing up all the branches associated with the multi-
valuedness of the impact parameter ρ(θ). In Fig. 4 (b),
we show the angle dependence of the differential cross
section for several velocities of the atomic beam. For
faster atoms, the angular distribution is narrower and the
forward scattering is more dominant. The sharp increase
in the differential cross section near θ = π is the analogy
of the glory appearing in the Brocken effect [37].
The classical differential cross section diverges as θ → 0
and hence the total elastic cross section obtained by in-
tegrating with respect to the solid angle also diverges for
any incident velocity. This unphysical divergence arises
because the infinite series of impact parameters are in-
volved in the classical differential cross section Eq. (25)
by definition, and all of these atoms are scattered to an
infinitesimally small angle due to the potential tail no
matter how large the impact parameter is. Realistically,
the beam width is finite and thus the divergences of the
forward scattering and total elastic cross section do not
occur.
IV. QUANTUM THEORY OF SCATTERING
In this section we investigate the potential scattering in
the quantum theory. As the temperature is lowered, the
thermal de Broglie wavelength becomes comparable with
or longer than the size of the nanoparticle. We study the
quantum effects in such a low-energy regime.
A. Formulation
We consider the stationary state described by the






ψ(r; k) = Eψ(r; k), (26)
when the plane wave of the wavenumber k = µv/~ and
the energy E = ~2k2/(2µ) is incident on the nanosphere
as shown in Fig. 1. The stationary state ψ(r; k) is ex-
panded in terms of partial waves labelled by the angular-









r→∞−−−→ eikz + f(θ; k)
r
eikr, (28)
where ul(r; k) denotes the lth radial function, Pl(x) the
Legendre functions, θ the scattering angle, and f(θ; k)
the scattering amplitude, respectively.
The problem is now reduced to solve the equation of
the radial function for each partial wave:
d2ul(r; k)
dr2
= −kl(r; k)2ul(r; k), (29)
where kl(r; k) is the local wave number of the lth partial
wave defined as [37]
kl(r; k) =
√





Equation (29) is equivalent to the one-dimensional






+ V (r), (31)
where the first term corresponds to the centrifugal po-
tential for the lth partial wave, and the second term is
the dispersion-force potential obtained in Sec. II.
At large distances from the surface, the asymptotic
form of the lth radial wavefunction is expressed in terms
of the lth order spherical Bessel function jl(x) and the
lth order spherical Neumann function nl(x) as
ul(r; k)
r→∞−−−→ kr [Fl(k)jl(kr)−Gl(k)nl(kr)] , (32)
which is also expressed in terms of the diagonal elements
Sl(k) of the S-matrix,
ul(r; k)








The diagonal elements Sl(k) of the S-matrix are ex-
pressed in terms of the phase shift δl as Sl(k) = e
2iδl(k).
The asymptotic forms of the spherical Bessel functions
jl(x)
x→∞−−−−→ sin (x− lπ/2) /x and the spherical Neumann
functions nl(x)






If the lth partial wave is unaffected by the potential, the
phase shift is zero and hence Sl(k) = 1. The effects
of the potential scattering on the lth partial wave are
characterized by the deviation of the value Sl(k) from
unity.
If the incident wave is partially absorbed by the sur-
face, which is the case we consider, the S-matrix is non-
unitary |Sl(k)| < 1, and the phase shift is complex [39].
As we discuss in the next subsection, the reflection of
the lth partial wave can occur at a “nonclassical” re-
gion in the coordinate space, and the only portions that
are transmitted through the nonclassical region are ab-
sorbed by the surface. The absorption probability of the
lth partial wave is given by 1 − |Sl(k)|2, as derived in
Appendix A.
Scattering amplitude f(θ; k) in Eq. (28), which is writ-






(Sl(k)− 1)Pl(cos θ), (35)
characterizes the angle dependence of the scattering. The




(θ; k) = |f(θ; k)|2, (36)
which involves interference between different lth partial
waves. Summing over the entire solid angle eliminates













The scattering amplitude and the elastic cross section
are defined solely by the elastically scattered wave under
the influence of the potential, since the contribution of
unaffected wave is eliminated by subtracting 1 from Sl.
On the other hand, the absorption cross section σabs(k)













The elastic and absorption cross sections involve only di-
agonal terms of S-matrix, and satisfy the optical theo-
rem,
σel(k) + σabs(k) =
4π
k
Im[f(θ = 0; k)]. (39)
as derived in Appendix B.
B. Boundary condition near the surface
The atom-surface interaction is strongly attractive
near the surface of the nanosphere, thereby the waves are
destined to be absorbed once they approach very close to
the surface. There are several ways to take the absorp-
tion into account. One of methods is to make the poten-
tial complex. However, the potential is nontrivial very
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close to the surface and it is too obscure to determine a
concrete form of the potential. Alternatively, we impose
the following boundary condition in the vicinity of the











With this boundary condition, in other words, we make
an ansatz so that there is only an incoming wave and no
outgoing wave in the vicinity of the surface. The form of
the wavefunction Eq. (40) is based on the semiclassical
Wentzel-Kramer-Brillouin (WKB) approximation, which
is shown to be valid near the surface r → R+ for the
following reasons.
In the general WKB approximation, the exponential
form of the wavefunction is retained but the exponent is
replaced by the action integral as







This wavefunction is valid, or can be even exact, as long
as the quantality function or badlands function






satisfies |Ql(r; k)|  1. The quantality function Ql(r; k)
is thus a measure of nonclassicality [41]. In the
regime where |Ql(r; k)|  1 is satisfied, the incom-
ing wave ∝ exp(−i
∫ r
kl(ρ; k)dρ) and outgoing wave ∝
exp(+i
∫ r
kl(ρ; k)dρ) are unambiguously decomposed.
Now we go back to our specific problem. In the vicin-
ity of the surface, the interaction potential dominates in
Eq. (30), i.e., kl(r; k)
r→R−−−→
√
−2µV (r)/~2. For the po-




β3/(r−R)3/2, and the quantality func-
tion thus behaves as Ql(r; k)
r→R∝ (r − R)/β3, which in-
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FIG. 5: The magnitude of the s-wave quantality function
|Q0(r; k)| versus incident velocity of a rubidium atom. Solid
line shows the distance r ∝ v−2/7 at which |Q0(r; k)| takes
the maximal value for each v.
distances. At sufficiently large distances where the atom
is essentially free from the interaction and the local wave
number kl(r; k) behaves as k, the condition |Ql(r; k)|  1
is also satisfied. Thus the exact wavefunction for the
lth partial wave is well described by the superposition
of ingoing and outgoing waves ∝ exp(±i
∫ r
kl(ρ; k)dρ)
at large distances. At small distances from the sur-
face, in contrast, it would be described by only incoming
wave ∝ exp(−i
∫ r
kl(ρ; k)dρ) because the wave cannot go
outward due to the strong attractive interaction. This
ansatz implies that the reflection of lth incoming wave
occurs somewhere in the intermediate distances at which
|Ql(r; k)|  1.
For l ≥ 1, we can estimate a critical angular momen-
tum ~lc for each velocity from the condition ~2k2/(2µ) '
max
r
{V (lc)eff (r)}, which is the quantum version of Eq. (22),
such that the lth partial waves are absorbed if a quan-
tum analog of the impact parameter ~l/(µv) = l/k is
smaller than lc/k, while they are elastically scattered by
the centrifugal barrier or unaffected by the potential if
l/k > lc/k. The quantality function for the lth par-
tial wave Ql>lc(r; k) diverges when kl>lc(r0; k) = 0, thus
we may infer that the elastic scattering occurs around
r0 as previously discussed in this subsection. We note
that the equation kl(r0; k) = 0 is the quantum version of
the condition that determines the classical turning point
E = V
(cl)
eff (r0). The elastic scattering for l > lc is thus
regarded as a classically allowed reflection by the cen-
trifugal barrier.
The partial wave of l = 0 is of particular interest. Clas-
sically, atoms with zero angular momentum are totally
adsorbed onto the surface for any incident velocity be-
cause of the absence of the centrifugal barrier. Quantum
mechanically, on the other hand, s-wave can be reflected
even though the potential is purely attractive. This is a
classically forbidden reflection, namely, the quantum re-
flection [37]. The quantum reflection is expected to occur
in a coordinate space where |Q0(r; k)|  1 as if an effec-
tive mirror exists in there. Such a nonclassical spacial
region is called badlands [41, 42].
Figure 5 shows the magnitude of the s-wave quan-
tality function for a rubidium atom. For lower incident
energies, the magnitude of the s-wave quantality func-
tion as well as the distance from the surface at which
|Q0(r; k)| takes the maximal value are larger. This indi-
cates that the position of the badlands, i.e., an effective
mirror, moves outer and its reflectivity is larger for lower
incident energies. The location of the effective mirror,
defined here as the position r at which |Q0(r; k)| takes
the maximal value (a solid line in Fig. 5), behaves as
r ∝ v−2/7 at low energies. For higher energies, the peak
hight of |Q0(r; k)| decreases, and is indiscernible in the
high-energy limit.
Quantum reflection has been experimentally observed
and studied in several systems. Experiments on quan-
tum reflection on fluid surfaces have been carried out by
measurements of the reflectivity or sticking probability of
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incident helium or hydrogen atoms scattered by a liquid
helium surface [43–46]. Quantum reflection on solid sur-
faces has been also observed: specular reflection of cold
metastable neon atoms on a silicon and a BK7 glass sur-
face [25, 47], quantum reflection of helium atoms incident
on a silicon surface [30], of Bose-Einstein condensates on
a solid surfaces [48, 49], and far from threshold [50].
V. RESULTS
We numerically solve the radial Schrödinger equations
Eq. (29) for each partial wave l with the boundary con-
dition Eq. (40) at a point r = R+. The obtained asymp-
totic values Fl(k) and Gl(k) then yields the diagonal ele-
ments Sl(k) of the S-matrix according to Eq. (34). In this
section we firstly study an extremely low-energy regime
where s-wave scattering is dominant. In the later subsec-
tions we investigate the dependencies of scattering prop-
erties on the atomic incident velocity and on the radius
of nanoparticle.
A. s-wave scattering
In the previous section, we have denoted that s-wave
scattering is qualitatively different from the classical scat-
tering of atoms with vanishing angular momentum. In
this subsection we calculate various s-wave scattering
properties, including the scattering length, the differen-
tial cross section, the elastic, and absorption cross sec-
tions in a sufficiently low-energy regime.
The top panel of Fig. 6 shows the landscapes of the
interaction potential in atomic units, as well as the s-
wave quantality function for the incoming atomic veloc-
ity v = 100 µm/s (see also Fig. 5). In the vicinity of the
surface r − R → 0, and at large distances r → ∞, the
magnitude of the quantality function Q0(r; k) is small
but it is significantly large at intermediate distances. As
we discussed in the previous section, a portion of the
wave traveling near to the surface through the badlands
region is lost due to the absorption, while the remain-
ing portion that does not go through the badlands un-
dergoes the quantum reflection. In the middle and bot-
tom panels of Fig. 6, we show the radial function u0(r; k)
(solid curve), its asymptotic form Eq. (32) away from the
surface (dashed-dotted curve), and the WKB wavefunc-
tion that has only incoming wave (dotted curve). We
find that the exact wavefunction is well described by the
WKB wavefunction from the surface proximity up to an
appreciable distance (≈ 200 nm) from the surface. The
badlands is located at a considerably large distance (≈ 1
µm) from the surface, where the potential is weakly at-
tractive and the wavefunction is described by the asymp-
totic form.
In the limit k → 0, there is no scattering of the partial
waves for l ≥ 1, i.e., Sl≥1(k) ≈ 1, and hence the s-wave










FIG. 6: Top panel shows the s-wave effective potential
2µV
(0)
eff (r) = 2µV (r) (left reference) and the magnitude of the
quantality function |Q0(r; k)| (right reference) for R = 75 nm
and a rubidium atom of the incident velocity v = 100 µm/s.
Middle and bottom panels show the real and imaginary parts
of the s-wave radial wavefunction, respectively. Solid curves
are the exact solution of the Schrödinger equation with the
WKB boundary condition, dotted curves are the semiclassical
WKB wavefunction, and the dashed curves are the asymptotic
form given by Eq. (32). The insets enlarge the domain of the
atom-surface distance smaller than 300 nm.
TABLE IV: Zero-energy limit of the s-wave scattering length,
the differential elastic cross section, and the elastic cross sec-
tion for a fixed radius of nanosphere (R = 75 nm).
Cs Rb





terms of the complex s-wave scattering length A0 [37],
the asymptotic behavior of the s-wave wavefunction and
the phase shift at k → 0 are given by u0(r; 0)
r→∞∝ r−A0,
and δ0(k)
k→0−−−→ −kA0, respectively. We thus obtain the




The elastic differential cross sections, the elastic cross
section associated with the quantum reflection, and the
absorption cross section in the zero-energy limit are writ-
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in consistent with the Wigner threshold law [51]. The nu-
merically obtained zero-energy wave function yields the
value of A0, and the results are summarized in Table IV.
B. Incident velocity dependence
We next investigate various cross sections when the
incident velocity is varied while the radius of the sphere
is fixed as R = 75 nm. In the following we show results
for cesium atoms unless otherwise stated, since we have
qualitatively the same results for rubidium atoms.
Figure 7 shows the elastic differential cross sections
|f(θ; k)|2 for several incident velocities. For faster atoms,
the forward scattering is more dominant and the angular
distribution of |f(θ; k)|2 is narrower, in a manner sim-
ilar to the classical differential cross section [see, also
Fig. 4]. At large velocities, the angular distributions
of the quantum and classical differential cross sections
agree better as shown in the insets of Fig. 7. As the
velocity decreases, the anisotropy of |f(θ; k)|2 is sup-
pressed, and in the s-wave regime it is independent of
angle, approaching a constant value |A0|2. The difference
between the angular distributions of the quantum and
classical differential cross sections starts to be evident
around v ≈ O(10) mm/s, where the thermal de Broglie
wavelength is comparable to the size of the nanosphere.
FIG. 7: Elastic differential cross sections for cesium atoms of
the incident velocities v = 100, 5, 2.5 mm/s and 10 µm/s.
The anisotropy of the scattering is suppressed as the en-
ergy decreases, and |f(θ; k)|2 is independent of the angle,
approaching a constant value |A0|2 (horizontal dotted line)
in the low-energy limit. Insets compare the quantum (solid




FIG. 8: Scattering cross sections for cesium atoms. (a) Total
elastic cross section σel (thick solid curve), and partial elas-
tic cross sections σ
(l)
el for low-lying partial waves (thin solid
curves). In the low-energy limit, σel approaches 4π|A0|2 (hor-
izontal dotted line). (b) Total absorption cross section σabs
(thick solid curve), partial absorption cross sections σ
(l)
abs (thin
solid curves), and classical absorption cross section πρ2c (dot-
ted line) with ρc being defined by Eq. (22).
In the regime v . O(10) mm/s, the quantum-mechanical
differential cross section Eq. (36) thus reveals the matter-
wave diffractions involving interference between different
partial waves. Classically, on the other hand, an incident
atom is fully characterized by a single angular momentum
and there is no interference between atoms with different
impact parameters in an incident beam.
Figure 8 shows elastic and absorption cross sections
versus incident atomic velocity. Contributions from low-
lying (l ≤ 8) partial waves are also drawn with thin
curves. The scattering involves various partial waves
in the relatively high-energy regime, but the contribu-
tions from large l gradually decrease as the temperature
is lowered, and eventually only the s-wave contribution
remains when v . 500 µm/s (T . O(1) nK). In the
s-wave regime, the elastic cross section σel approaches
the constant value 4π|A0|2. This behavior of σel reveals
the occurrence of the quantum reflection for the s-wave
in stark contrast to the classical elastic scattering of the
vanishing angular momentum. As discussed in Sec. III,
the classical elastic cross section shows a fictitious diver-
gence for any velocity associated with the inclusion of
infinite impact parameters. If this divergence is properly
eliminated e.g., by using a finite beam, there would be
no contribution from the vanishing angular momentum
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FIG. 9: Elastic scattering rate vσel and loss rate vσabs versus
incident velocity. Dotted line is the classical loss rate vπρ2c . In
the s-wave regime, the quantum-mechanical loss rate is almost
constant, while the classical loss rate behaves monotonously.
in the classical elastic cross section.
As shown in Fig. 8 (b), the total absorption cross sec-
tion σabs and classical absorption cross section πρ
2
c are
almost equal σabs ' πρ2c ∝ v−4/7 for a wide range of ve-
locity v & 500 µm/s and a difference is found only in the
s-wave regime v . 500 µm/s, which is roughly two-order
of magnitude smaller than the velocity at which the dif-
ference in the elastic differential cross sections starts to
emerge. This is because the total cross sections are char-
acterized only by diagonal terms of the S-matrix and
quantum-mechanical interference terms are not involved
in. The enhanced absorption cross section σabs in the
s-wave regime is regarded as the manifestation of the
“quantized” impact parameter l/k.
Another experimentally relevant quantity is the scat-
tering rate, vσ. We show the elastic scattering rate and
the loss rate in Fig. 9. As the temperature is lowered,
the loss rate associated with the absorption monotoni-
cally decreases in v & 500 µm/s but it is nearly constant
in the s-wave regime, while the classical loss rate con-
tinues to monotonically decrease in that regime. The
elastic scattering rate behaves monotonously for any ve-
locity. The optical theorem Eq. (39) indicates that the
sum of these rates v(σel + σabs) = vσtot is independent
of v, which can be also confirmed from Fig. 9.
Relatively high-energy regime — In a relatively high-
energy regime, we find Sl(k) ≈ 0 for the partial waves
of l . lc ≈ kρc. Hence the incoming partial waves of
l . lc are absorbed onto the surface. In this case, the
elastic and absorption cross sections have the same value
σ
(l)
el (k) = σ
(l)
abs(k) = (2l+1)π/k
2, as we see from Eqs. (37)
and (38). By summing partial cross sections up to l = lc,
the total elastic and absorption cross sections are ob-
tained as σel(k) = σabs(k) = π(lc + 1)
2/k2. The first
term dominantly contributes at high temperature, and it
almost coincides with the classical absorption cross sec-
tion πρ2c .
FIG. 10: Real, imaginary parts of s-wave scattering lengthA0,
and its magnitude |A0| for a cesium atom. Dotted line shows
the geometric radius R of the nanoshpere, i.e., the scattering
radius in the case of the hard-sphere potential.
C. Radius dependence
In this subsection we investigate scattering properties
as a function of the radius R of nanosphere from 50 nm
to 500 nm in the relatively low-energy regime. Figure 10
shows the complex s-wave scattering length A0 of a ce-
sium atom versus R. If the potential V (r) depends only
on r′ = r − R, the s-wave scattering length behaves as
A0(R) = A0(0)+R. This is not the case for our potential,
since the coefficients C6 and C7 depend on R. Nonethe-
less our scattering radius |A0(R)| also monotonically in-
creases versus R. As compared with the scattering radius
of the hard-sphere potential (dotted line in Fig. 10), that
of our dispersion-force potential is found to be more than




FIG. 11: (a) Elastic and (b) absorption cross sections of ce-
sium atoms at v = 10 µm/s, and v = 1 mm/s. Dotted line in
(a) denotes the zero-energy elastic cross section 4π|A0|2, and
those in (b) denote the classical absorption cross sections πρ2c
for each velocity.
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In Fig. 11 we show the elastic cross section σel, and the
absorption cross section σabs for two incident atomic ve-
locities. Both of the elastic and absorption cross sections
monotonically increase as a function of R, in consistent
with the intuitive picture of cross sections. When the
incident energy is low (v = 10 µm/s), the total elas-
tic cross section almost coincides with the zero-energy
value 4π|A0|2, as shown in Fig. 11 (a). The absorption
cross section σabs is compared with the classical coun-
terpart πρ2c in Fig. 11 (b). In accordance with the re-
sults shown in Fig. 8 (b), the quantum and classical ab-
sorption cross sections agree very well in the relatively
high-energy regime, but σabs is larger than πρ
2
c in the
low-energy s-wave regime. This tendency is seen for ar-
bitrary radius of the nanosphere. Both of the quantum
and classical absorption cross sections are proportional to
R in the temperature regime shown in Fig. 11. This is ex-
plained from Eq. (23): the classical cross section consists
of three terms including 1/v4/7, R/v2/7 and R2. Among
them, the term R/v2/7 is dominant, since we consider the
nanoscale radius and slow atoms.
VI. SUMMARY
We have studied the low-energy scattering of ultracold
cesium and rubidium atoms by a levitated nanosphere of
silica glass, with the special emphasis on the identifica-
tion of the quantum regime in the potential scattering.
In the first part, we have constructed the atom-surface
dispersion-force potential from the atom-flat wall poten-
tial close to the surface, and from the atom-point parti-
cle potential at sufficiently long distances. Our potential
thus behaves as V (r) ∼ −(r − R)−3 in the proximity of
the surface, V (r) ∼ −r−7 at sufficiently long distances,
and these smoothly crossover in the middle distances.
The potential strength has been specifically computed
for each atom by using the one-oscillator model for the
atomic polarizability and the Lorentz model for the di-
electric function of the sphere.
In the second part, the scattering properties have
been investigated both classically and quantum mechani-
cally. We have numerically determined the classical cap-
ture range, which was found to be more than one or-
der of magnitude larger than the geometric radius of the
nanosphere around the experimentally achievable lowest
temperature, while it approaches the geometric radius
of the nanosphere in the high-temperature limit. We
have found that the classical absorption cross section
determined from the capture range, and the quantum-
mechanical absorption cross section obtained from the
S-matrix, agree quite well even down to a nanokelvin.
We have also computed loss rates and elastic scattering
rates from cross sections, and found the good agreement
between the quantum and classical loss rates. In gen-
eral, as long as the diagonal elements Sl of the S-matrix
for l ≥ 1 are concerned, the quantum-mechanical scat-
tering properties are quantitatively similar to the clas-
sical ones. In other words, whether the atom is elas-
tically scattered or inelastically lost due to the adsorp-
tion, is solely characterized by the nature of the poten-
tial, not by the wave character in the temperature regime
higher than a nanokelvin. However, in the s-wave regime
T . O(1) nK where S0 ' 1 − 2ikA0 and Sl≥1 ≈ 1, the
absorption of the s-wave is found to be enhanced due
to the discreteness of the quantum-mechanical angular
momentum. At the same time, the occurrence of the
classically-forbidden reflection is identified in the elastic
cross section. In contrast, we have demonstrated that
the quantum-mechanical differential cross section of the
elastic scattering reveals notable deviations from the clas-
sical one in a relatively high temperature regime of a few
microkelvin associated with the diffraction, as the mani-
festation of the wave character of the incident atoms.
The analysis presented in this work provides an insight
for the observation of quantum effects in the scattering
of ultracold atoms by a dielectric material.
We thank M. Bhattacharya and H. Saito for fruitful
discussions. This work was partially supported by JST,
PRESTO Grant No. JPMJPR1901, JST, CREST Grant
No. JPMJCR1771, the Matsuo Foundation, and JSPS
KAKENHI Grants No. JP16H06017, JP21K03421.
Appendix A: Derivation of conservation laws












The conservation law of the lth partial wave can be ex-
pressed as









These equations mean that the sum of the flux at an
asymptotically long distance and the absorbed flux that
is transmitted through the nonclassical region, is con-
served. At long distances r → ∞, the asymptotic form
of the lth partial wavefunction ul(r; k) is written by Eq.








where v = ~k/µ. In the vicinity of the surface r → R,
the lth partial wavefunction includes only ingoing wave,
ul(r; k)














where we have introduced the absorption amplitude Al(k)






From Eqs. (A2), (A4), and (A6), we derive
|Sl(k)|2 + |Al(k)|2 = 1. (A7)
Appendix B: Optical theorem




j(r, θ; k) · n′dS′ (B1)
where S′ is the surface of the nanosphere of radius R and
n′ is the unit vector normal to the surface S′. The total
flux j(r, θ; k) is given by
j(r, θ; k) =
~
µ
Im [ψ(r, θ; k)∗∇ψ(r, θ; k)] . (B2)



















Using the above asymptotic form, the absorption cross













By summing σel(k) in Eq. (37) and σabs(k) in Eq. (B3),
we derive the optical theorem in Eq. (39).
[1] L. P. Neukirch and N. A. Vamivakas, Nano-
Optomechanics with Optically Levitated Nanoparticles,
Contemp. Phys. 56, 48 (2015).
[2] J. Millen, T. Deesuwan, P. Barker, and J. An-
ders, Nanoscale Temperature Measurements Using
Non-Equilibrium Brownian Dynamics of a Levitated
Nanosphere, Nat. Nanotech. 9, 425 (2014).
[3] D. E. Chang, C. A. Regal, S. B. Papp, D. J. Wilson, J. Ye,
O. Painter, H. J. Kimble, and P. Zoller, Cavity Opto-
Mechanics Using an Optically Levitated Nanosphere,
PNAS 107, 1005 (2010).
[4] N. Kiesel, F. Blaser, U. Delić, D. Grass, R. Kaltenbaek,
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